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FAMILIES OF CONTINUOUS RETRACTIONS AND FUNCTION 

SPACES 


S. GARCfA-FERREIRA AND R. ROJAS-HERNANDEZ 

Abstract. In this article, we mainly study certain families of continuous retractions 
(r-skeletons) having certain rich properties. By using monotonically retractable spaces 
we solve a question posed by R. Z. Buzyakova in [Bj concerning the Alexandroff dupli¬ 
cate of a space. Certainly, it is shown that if the space X has a full r-skeleton, then its 
Alexandroff duplicate also has a full r-skeleton and, in a very similar way, it is proved 
that the Alexandroff duplicate of a monotonically retractable space is monotonically 
retractable. The notion of (/-skeleton is introduced and it is shown that every com¬ 
pact subspace of C P (X) is Corson when X has a full (/-skeleton. The notion of strong 
r-skeleton is also introduced to answer a question suggested by F. Casarrubias-Segura 
and R. Rojas-Hernandez in their paper ;7] by establishing that a space A' is mono¬ 
tonically Sokolov iff it is monotonically w-monolithic and has a strong r-skeleton. The 
techniques used here allow us to give a topological proof of a result of I. Bandlow [3] 
who used elementary submodels and uniform spaces. 


1. Preliminaries and Introduction 

Our spaces will be Tychonoff (completely regular and Hausdorff). The set of natural 
numbers will be denoted by N and ut will stand for the first infinite cardinal number. 
Given an infinite set X , V(X) is the power set of X , the symbol [A]- w will denote 
the set of all countable subsets of X and the meaning of [A] <aj should be clear. The 
real line with the usual order topology will be denoted by R and B{ R) will stand for a 
countable fixed base for the topology of R. For a space X , C P (X) will be the set C{X) 
of all real-valued continuous functions on X equipped with the topology of pointwise 
convergence and exp(X) will be the family of all non-empty closed subsets of X. For a 
continuous map / : X -A Y we denote by f* : C p (Y ) —>• C p (X) the dual map of / given 
by f*(ff) = 9 ° f f° r all g € C P (Y). If Y C X, then we denote by ny : C p (X) —>• C P (Y) 
the function which restricts any map in C p {X) to Y. For a nonempty set A C C P (X) 
the map : X -a R" 4 is called the diagonal map of A. A surjective map / : X — > Y is 
called R -quotient if, for every function g : Y —> R the continuity of the composition go f 
implies the continuity of g. A continuous surjection will be referred as a condensation. A 
space X is called cosmic if it has a countable network. For M C V(X) and / : X -A Y, 
we say that M is a network of f if for every x G X and each open set U in Y with 
f(x) G U there is N G M such that x G N and f(N) C U. Given a set A C X, a family 
A f C exp(X) is said to be an external network of A in X if for each iGi and each open 
set U with x G U there exists N G JV such that x G N C U. All topological notions 
whose definitions are not stated explicitly here should be understood as in [2j and m • 

The families of continuous retractions often appear in Functional Analysis and in 
General Topology: For instance, the projectional resolutions of the identity (see mi) 
and the inverse limits of retractions (see m ) One more example of this kind of families 
is the following notion of r-skeleton: 
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Definition 1.1. [13 An r-skeleton in a space A is a family of continuous retractions 
{r s : s £ r}, indexed by an up-directed and (T-complete partially ordered set T, such 
that: 

(i) r s (X) is cosmic for each s £ T, 

(ii) r s = r s o n = rt o r s whenever s < t, 

(iii) if {s n : n € N} C T, s n < s n+ i for each n G N and t = sup neN s n ; then r t (x) = 
linin^co r Sn (x) for each x £ X, and 

(iv) x = lim sG r r s (x) for every i£l, 

If X — User r S (X), then we say that {r s : s £ T} is a full r-skeleton. 

W. Kubis and H. Michalewski m used the r-skeletons to characterize the Valdivia 
compact spaces: A compact space is Valdivia iff it has a commutative r-skeleton. In the 
paper [S], the author applied the r-skeletons to characterize Corson compact spaces: A 
compact space is Corson if and only if it has a full r-skeleton. The r-skeletons have also 
been a very important tool in the study of certain topological properties. For instance, 
M. Crith and O. Kalenda [9] proved that a countably compact space is monotonically 
retractable iff it has a full r-skeleton. In this way, they answered a question posed in 
[16], by showing that a compact space is monotonically retractable if and only if it 
is Corson. On the other hand, I. Bandlow [3] gave a characterization of the Corson- 
compact spaces by means of countable elementary substructures. This characterization 
certainly motivates the consideration of the r-skeletons. Three years later, by using also 
elementary submodels and uniform structures, Bandlow [4] solved a problem posed by 
A. V. Arhangelskii [21 Prob. IV.3.16] by establishing that a compact space X is Corson 
when C P (X ) is a continuous image of a closed subspace of the product Lf. x K, where 
K is an arbitrary compact space and L K denotes the Lindelof extension by one point of 
the discrete space of infinite cardinality n. 

The second section is devoted to show basic properties of w-monotone maps that will 
be used in the subsequent sections. Our main result in the third section is to prove that if 
a space either has a full r-skeleton or it is monotonically retractable, then its Alexandroff 
duplicate has the same property. As a consequence, the Alexandroff duplicate of a Corson 
compact is also Corson compact. Besides, we show that the Alexandroff duplicate of a 
E-product of real lines is monotonically retractable, this solves positively [61 Question 
3.16] (see Corolarv 13.51) . In the fourth section, we introduced the notion of (/-skeleton in 
parallel sense to the notion of r-skeleton. We show that every compact subspace of C P (X) 
has a full r-skeleton (i.e., it is Corson) whenever X has a full g-skeleton. We also prove 
that Lindelof E-spaces and pseudocompact spaces have a full (/-skeleton. Monotonically 
Sokolov spaces where studied in [16j , where a two-way C p -duality between monotonically 
retractable and monotonically Sokolov spaces was established. In the fifth section, we 
introduce the notion of strong r-skeleton and show that a space X is monotonically 
Sokolov iff it is monotonically cu-monolithic and has a strong r-skeleton. This result 
answers a question in [7] and clarifies the relation between monotonically retractable 
spaces, monotonically Sokolov spaces, (/-skeletons and r-skeletons. Finally, we apply q- 
skeletons, in the section fifth, to provide a topological proof of Bandlow’s result quoted 
above. 


2. Monotone assignments and monotone properties 

We start this section with the description of notion a cu-monotone map. 

Definition 2.1. Let T be an up-directed and a-complete partially ordered set and Y a 
set. A function 0 : T —> [V]-^ is called u-monotone provided that: 

(a) if s,t € T and s <t, then (f(s ) C and 
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(b) if {s n : n £ N} C T, s n < s n+ i for each n £ N, and t = sup„ eN s n , then 

= 1J 4>{s n )- 

n£ N 

We are mainly interested in the following topological properties that somehow involve 
monotone maps. 

For the case when T = [X]— , where X is a nonempty set, the order involved will be 
always the containment. 

Definition 2.2. Let X be a space. We say that X is: 

• [Tj monotonically oj-monolithic if there exits Af : [X]- w —> [P(X)]- U such that 
Af ( A) is an external network of clx(A) for each A £ [X]-^ and A f is w-monotone. 

• fl5j monotonically u-stable if there exits an w-monotone map Af : [C P {X)]- U1 —>• 

['P(A')]- a '’ such that Af(A) is a network of , for all A £ [C P (X)]- UJ . 

• m monotonically retractable if we can assign to each A £ [X"]- w a continuous 
retraction : X —>• X and a family Af(A) £ [P(X)]- U such that A C ca(X), 
Af(A) is a network of ta and Af is a;-monotone. 

• [16] monotonically Sokolov if we can assign to every F £ [exp(X)]- UJ a continuous 
retraction rj- : X —> X and a family AT(A) £ [P(X)]- U such that rj^(F) C F for 
each F £ F, Af(F) is an external network of rj-(X) and Af is cu-monotone. 

The next w-monotone map will be essential in some proofs. 

Example 2.3. Given N\, ..., N n £ V(X) and U\,... ,U n £ V(M), put 

[N 1 ,...,N n -U 1 ,...,U n \ = {f £ C P (X) : Vi < n(/(W) C Uf)}. 

Consider the map W : [^(X)]-^ —> \P(C p (X))]- u defined by 

W(AT) = {[N 1 ,...,N n -,B 1 ,...,B n ] : n € N and Vi < n(W £ Af A B { £ B(R))}, 

for each Af £ ['P(X)]- . ft is straightforward to verify that W is w-monotone. For each 
D £ [X]- w let Wo(D) = W({{x} : x £ D}) which is the family of all canonical open sets 
in C P (X) with support in D. It is easy to see that the map Wo : [X]- a; —y \P(C p {X))]- w 
is also cj-monotone. 

In what follows we shall frequently and without reference the following two easy facts. 

• If (j> : [X]- a ' -£ and if : [Y]- w —> [Z]- u are w-monotone, then if o is 

w-monotone. 

• If (f : [X]- w —> [y]- w , then <f is cu-monotone if and only if there exists a map 
ip : [X] <u -> [y]- w such that <f(A) = UM^) : F £ [A\ <u1 }. 

Now, we shall prove two basic results. 

Definition 2.4. Let cf : [X]- w —> [X]- w be a function. For a set A £ [X]- w , the closure 
of A under <f is the set 

~<f>{A) = |^| {B £ [X]^ : A C B and <j>(B) C B} . 

The next lemma give us a method to generate w-monotone assignments with some 
nice properties which are very useful for our purposes. 

Lemma 2.5. Let cf : [X]- w —> [X]- w be an u-monotone map. Then for each A £ [X]- w 
the set i j>(A) satisfies that A C (f{A) £ [X]- w and the function (f is uj- monotone. 

Proof. We are going to construct < f(A) by a recursive process. Let cfo(A) = A and 
<f n+ i(A) = (f n (A ) U (f(cf n (A)) for each n £ N. Using induction it is easy to verify that 
<f n {A) £ [X]-“ and (f n {A) C <f(A) for each n £ N. Hence, UneN^w(^) — ^{A). On the 
other hand A C UneN^ n (^) an d s i nce 0 is w-monotone, we obtain that 0(U re eN < t > n(A)) 
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— UneN 4>n(A). It follows from the definition that </>(A) C U n eN^( y ^)- So, <KA) = 
UneN^«(^) an d A — <^(A) £ [X]- w . By applying induction again, we can verify that 
cj) n is w-monotone for each n £ N. As a consequence, we have the following: 

(a) If A, B £ [X]^ u and AC B, then 4>(A) = UneN^(^) ^ LLeN'M 5 ) = 

(b) If {A m : m £ N} C [X]- w , A m < A m+ 1 for each m £ N and A = U m eN^ m ’ then 

0(A) = UneN l ^ n ( y ^) = UneN UmeN 4 , n{A ln ) = UmeN UneN ^n(Am ) = UmeN'iH^™)' 
Therefore, cf is cu-monotone. □ 

Lemma 2.6. Let X be a set and let T be an up-directed and a-complete partially ordered 
set. Suppose that for each x £ X we have assigned s x € T. Then there exists a function 
7 : [X]-^ —> T such that 

(i) y({x}) > s x for each x £ X; 

(ii) if AC B, then 7 (A) < 7 (B); and 

(in) if {A n : n £ N} C [X]- u , A n < A n+ 1 for each n £ N and A = (J neN A n ; then 
7 (A) = sup neN 7 (A n ). 

Proof. First we define 7 (F) for F £ [X] <u . The point 7 (F) will be defined by induction 
on the cardinality of F as follows: y(0) = sq for some arbitrary sq £ T, and for a 
nonempty F £ [ X] <U1 we let 7 (F) be an upper bound of { 7 (G) : G C F,G ^ F} U {s x : 
x £ I 7 }. For the general case, we define 7 (A) = sup{ 7 (F) : F £ [A] <aj } for every 
A £ [A]- w . First note that 7 (A) is well defined and it is not hard to see that 7 satisfies 
(i) and (ii). To verify (iii) we assume that A = UneN^™ £ [X]- where A n C A n+ 1 
for each n £ N. Because of (ii) we have 7 (A n ) < 7 (A n+ i) < 7 (A) for each n £ N, and 
so sup neN 7 (A n ) < 7 (A). On the other hand, if F £ [A] <w , then there exists m £ N 
such that F £ [A m ] <UJ and hence 7 (F) < 7 (A m ) < sup neN 7 (A n ). It then follows that 
7 (A) < sup neN 7 (A n ). Therefore, 7 (A) = sup ngN 7 (A n ). □ 

Proposition 2.7. If the space X has a full r-skeleton, then X has a full r-skeleton 
{74 : A £ [X]- W j such that for each A £ [X]- a ' we have that va(x) = x for every x £ A. 

Proof. Assume that {r s : s £ T} is a full r-skeleton in X. Given x £ X fix s x £ T such 
that r Sx (x) = x. Consider 7 : [X]- w —> T as in Lemma 12.61 For A £ [X]- w we define 
i'A = r -y(A)• We left the reader to check that {r^ : A £ [X]-^} is a full ?’-skeleton which 
satisfies the desired conditions. □ 


3. The Alexandroff duplicate of a space 


Let us remind the definition of the Alexandroff duplicate AD{X) of a space X: It is 
the space X x {0,1} with the topology in which all points of X x {1} are isolated, and 
basic neighborhoods of points (x,0) are of the form (U x {0,1}) \ {(x, 1)} where U is a 
neighborhood of x in X. We denote by ir the projection from AD(X) onto X. Our task 
in this section is to prove that if a space either has a full r-skeleton or it is monotonically 
retractable, then its Alexandroff duplicate has the same property. 


Theorem 3.1. If X has a full r-skeleton, then AD(X ) also has a full r-skeleton. 


Proof. Consider a full r-skeleton {74 : A £ [X]-^} on X as in Proposition 12.71 For each 
A £ [AD(X)]- a) we define the map r a : AD(X) -A AD(X) as follows: 


rA{(x,i)) 


(Or (A)(x),i) if x £ 7 r(A) 
(*V(A)(®)>0) if x £ X \ 7t(A), 


for x £ X and i £ {0,1}. For each A £ [AD(X)]- U observe that 774 is a continuous 
retraction and ? 74 ((x,z)) = (r n (A)(x),i) = (x,i) for each x £ 7 t(A) and i £ {0,1}. Let 
T := [AL^X)]-^. We shall prove that {774 : A £ T} is a full r-skeleton on AD{X). 
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(i) Given AeT, since A is countable and r^ A \{X) is cosmic, the space r A (AD(X)) = 
(r,( A )(I)x{ 0 })u(.(i)x{l}) is also cosmic. 

(ii) Assume that A, B £ T and A C B. Note that ^ r(A) C n(B). Choose ( x,i ) G 
AD(X). We shall verify that r A ((x,i)) = r A ° r B ((x,i)) = r B ° f’A((x,i)). Consider the 
following tree cases. 

Case 1. x £ X\n(B) C A\ 7 t(A). Then we have f A (r B ((x,i))) = t A {{t^b) (x),0)) = 
M^b)^))’ 0 ) = (cW x )’°) = f A((x,i)) and r B (r A {(x,i))) = r B ({r n{A) {x), 0)) = 
(r^B)(rn(A)(x)),0) = (r^ A )(x), 0) = f A ((x,i)). 

Case 2. x £ n(B) \ n(A). In this case, we obtain that r A (r B ((x,i))) = r A ((x,i)) and 
r B (r A ((x,i))) = f B ((r^ A) (x),0)) = {r^ B ){r^ A ){x)), 0 ) = (r w(j 4 ) (x), 0 ) = r A ((x,i)j. 

Case 3. x £ 7 r(A) C n(B). So, 

r A (r B ((x,i))) = r A ((x,i)) = (x,i) = f B ((x,i)) = r B (r A ((x,i))). 

(iii) Choose {A n : n £ N} C T with A n C A n+ i for each n £ N and let A = U neN A ra . 
We will prove that r A ((x,i )) = lim T j_j. 00 r^ n ((x, i)) for every (x,z) £ AD(X). Let 
(x,i) £ AD(X). Note that tt(A) = U n eN 7r (" 4 n) and hence r n ( A )(x) = lirn n -Aoor n ( An )(x). 
If x £ X \ 7 r(A), then x £ X \ n(A n ) for any n £ N, and so r A ((x,i)) = (rV(A)(x), 0) = 
(lim n _ > . oo r 7r ( Ari )(x),0) = lim n _ > . 00 (r 7r(Ari )(x), 0) = lim^oo r An ((x, i)). If x G 7r(A), then 
x G 7r(A n ) when n> m for some m £ N. Therefore, hin^^oo r An ((x, i )) = lim„_ > . 00 (x, i ) = 
( x,i ) = r n{A) ((x,i)). 

(iv) Given (x, I) G AD(X) there exists {(x, i)} G T such that if A £ T and {(x, *)} C A, 
then x G 7 r(A) and so f A ((x, i)) = ( x,i ). It follows that (x,i) = lim^gr r A ((x, i)). 

Finally, it is clear that AD(X) = U^er f A {AD{X)). □ 

Corollary 3.2. m If X is Corson compact, then AD{X) is also Corson compact. 

Proof. Let A be a Corson compact space. Because of the characterization of Corson 
compact spaces obtained in [8, Theorem 3.11], the space X has a full r-skeleton. Then 
we can apply Theorem 13.11 to see that AD{X) also has a full r-skeleton. As AD{X) is 
a compact space, applying [8} Theorem 3.11] again, we obtain that AD(X) is a Corson 
compact space. □ 

In particular, we have the following consequence. 

Corollary 3.3. If X is Corson compact, then C P (AD(X)) is Lindelof. 

In [ 6 ] Buzyakova asked whether or not the function space over the Alexandroff du¬ 
plicate of a E-product of real lines has the Lindelof property. In order to get a positive 
answer to this question (in Corollary 13.51) , we shall prove that monotone retractability 
is preserved under Alexandroff duplicates. 

Theorem 3.4. If X is monotonically retractable, then AD{X) is also monotonically 
retractable. 

Proof. Let X be a monotonically retractable space. Hence, by definition, we assign to 
each A £ [A']- w a continuous retraction r A : X —> X and a family Af(A) £ [P(X)]- U 
such that A C r A {X), AI"(A) is a network of r A and Af is w-monotone. For each 
A £ [AD(X)]- UJ consider the continuous retract r A : AD(X) -A AD(X) as in the 
proof of Theorem 13.11 As above, for each A £ [AD(X)]- UJ we know that r A ((x,i)) = 
( r ir(A)( x ),i ) = ( x,i ) for each x G 7 r(A) and i £ {0,1}. Now, for each A £ [AD(X)]- U1 we 
define the set 

AT(A) = {(N \F)x{i} :N £ W(t t(A)),F £ [tt {A)} <ul ,i £ {0,1}} 
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U{{(x,i)} : x G vr (A),i G {0,1}}, 

which is obviously countable. We claim that the both assignments A —> r A and A —>• 
J\f(A) witness that AD(X ) is a monotonically retractable space. In fact, it is standard 
to verify that A f is cc-monotone. To prove that A f(A) is a network of r A we fix (x , i) G 
AD(X) and assume that f A ((x, *)) G V for some open set V C AD(X). We consider 
two cases. 

Case 1. x £ it (A). In this case, we have that {(x,i)} satisfies that {(x,i)} G A/(^4) 
and r A ({(x,z)}) = {(x,i)} C V. 

Case 2. x G X \ tt(A). We then have that f A ((x,z)) = (^(A) ( x )i 0) £ V". Without 
lost of generality, we may assume that V = (U x {0,1}) \ {(j' n -M)( a: ), 1)} where U 
is a neighborhood of r n (A)( x ) i n A". Since J\f(n(A)) is a network of r n r A )i there is 
IV G A/"(7r(A)) such that x £ N and r^^A)(X) C U. If r^^A){ x ) £ vr(A), then we put 
IV = (IV \ x {!}, and note that ( x,i ) G IV G A/"(A) and 

rA(IV) C (r n ( A )(N) X {0}) U (r^ A )(N n ?r(A)) x {1}) 

= (r.(A)(A r ) x {0}) U ((IV n tt(A)) x {1}) 
c([Ix{0»u((f/\K (i) (x)})x{l}) 

= (C/x{0,1})\{( Ma) (x),1)} 

= V. 

For the case r^( A )(x) 0 7 t(A) we set N = N x {!}, and as above we have that (x,i) G 
N G A 'f(A) and f A (N) C V. □ 

Corollary 3.5. If X is the H-product of uii-many copies of M, then C P (AD(X )) is 
Lindelof. 

Proof. We know from m Corollary 3.14] that X is monotonically retractable. Hence, by 
applying Theorem 13.4L we obtain that AD(X ) is also monotonically retractable. Finally, 
by (14l Theorem 3.18], the space C P (AD(X )) is Lindelof. □ 

It is proved in j!2] that the Alexandroff duplicate of an Eberlein (a Corson) compact 
is an Eberlein (a Corson) compact. By a slight modification of the proof of Theorem 
2.13 (ii) from [12] . we can show the following result. 

Proposition 3.6. If X has a weakly cr-point finite To-separating famil$\ of cozero subsets 
of X, then AD{X) has the same property. 

Gul’ko compact spaces are precisely compact spaces for which C P (X) has the Lindelof 
E-property. G. A. Sokolov proved in m that a compact space X is Gubko compact if 
and only if X has a weakly cr-point finite To-separating family of cozero subsets of X. 
Hence, we have the next corollaries. 

Corollary 3.7. If X is Gul’ko compact, then AD(X) is also Gul’ko compact. 

Corollary 3.8. If X is compact and C p (X) has the Lindelof E -property, then C P (AD(X)) 
has the Lindelof E -property. 

We end this section with two open questions. 

We have proved that C P (AD(X)) is Lindelof whenever X is a Corson compact space. 
A more general class of compact spaces for which C P (X) is Lindelof is the class of Sokolov 

^Recall that a family A of subsets of a space X is To-separating if for any distinct points x, y G X there 
exists A £ A such that A D {x, y} is a singleton. A family U = UneN^L of subsets of X is called weakly 
a-point-finite if U = (J {U„ : n € N, U n is point finite at x} for all x £ X. 
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spaces with t(X n ) < u for each n G N (for the definition of Sokolov space see |18| h This 
suggests the next natural question. 

Question 3.9. Let X be a Sokolov (compact) space such that t(X n ) < ui for each n G N. 
It is true that C P (AD(X)) is Lindeldf. 

Question 3.10. Assume that X is pseudocompact and C P (X) is Lindeldf £. Is it true 
that C P (AD(X)) is also Lindeldf X? 

4. (/-SKELETONS AND CORSON COMPACT SPACES 

To start this section we state the notion of a (/-skeleton which will be very useful to 
find Corson compact spaces inside of spaces of continuous functions. 

Definition 4.1. Let X be a space. A q-skeleton on X is a family of R-quotient maps 
{(/ s : X — > X s | s G T} indexed by an up-directed, a-complete partially ordered nonempty 
set T together with a family {D s : s G T} of countable subsets of X such that: 

(i) the set q s (D s ) is dense in X s , 

(ii) if s,t G T and s < t, then there exists a continuous surjective map pt )S '■ X t —> X s 
such that q s = p tjS ° qti and 

(iii) the assignment s —> D s is w-monotone. 

In addition, if C P (X) = U s gr QsiC^Xg)), then we say that the (/-skeleton is full. 

Our task is to prove that countably compact subspaces of C P (X) have a full r-skeleton 
whenever X has a full (/-skeleton. Before, we prove a very technical lemma. 

Lemma 4.2. Let K be an infinite subspace of X and let T be an up-directed and a- 
complete partially ordered set. Assume that for each s G T we have assigned M.(s) G 
[C P (X)]- U and Af(s) G [K]- u so that: 

(a) M and M are u-monotone, 

(b) K = U s6 r-^( S ) = User cl x(-A/"(s)), and 

(c) A m{s) : X ^ maps cl (A/"(s)) homeomorphically to A m(s)(K). 

Then K has a full r-skeleton. 

Proof. For each s G T we define r s = (A^^) tci(AC(s))) —1 ° (a)- Then r s is a 

continuous retraction from K to cl(A/"(s)). We will verify that {r s : s G T} satisfies the 
conditions of a full r-skeleton in K. 

(i) It is clear that r s (X ) is cosmic for each sGT. 

(ii) Assume that s < t and x G K. Let y = r t (x). It follows from r t (x) = y = r t (y) 
that AjM( t )(x) = AM(t){y)- In particular, we have that A M ^(x) = A M r s ^(y). Hence, 
r s (x) = r s (y) = r s (rt(x)) = r s o rt(x). On the other hand, we know that r s (x) G 
cl(A/"(s)) C c\(M(t)) which implies that rt o r s (x) = rt(r s (x)) = r s (x). 

(iii) Assume that {s n : n G N} C T and s n < for each n G N. Since V 

is (7-complete, t = sup{s n } ne iij exists and M.(t) = U{-^( s n) : n G N}. Pick x G 
K and let y = rt(x). Then A M(t)( x ) = A M(t)(v) an( l, in particular, we have that 
A M(s n )(x) = A M(s n )(y ) for each n G N. Observe that A_ M(Sn) (r s „(x)) = A MM (x) for 
every n G N. It follows that A M{s n )(y) = A M(s n )( r s n ( x )) f° r each n G N. Then, by 
pointwise convergence, we obtain that A M(t)(y) = li m n->-oo A M(t)( r s„( x )) and hence 

r t (x) = r t (y) = lim r t (r Sn (x)) = lim r Sn (x). 

n—>oo n—too 

(iv) If x G A f(s) for some s G T, then r s (x) = x and so x = lim se r r s (x). Finally, 

K = l) ser cl(M(s)) = U ser r s (X). □ 

Now we are ready to prove our main result about (/-skeletons. 
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Theorem 4.3. Assume that the families : s £ T} and {D s : s £ T} form a q-skeleton 
on X. If a set K C User Qs (Cp(A’s)) C C P (X) is countably compact, then K has a full 
r-skeleton. 

Proof. Our strategy is to define two functions M : T —> [C p {C p {X))]- u and Af : T —> 
[C p {X)\- w as in the Lemma [4 .21 To bring this about, we need to construct tree auxiliary 
w-monotone assignments V : [C p (X)]- u —y [X]-U £ : [X]-" —> [C' p (C' J ,(X))]- a ' and 
A : [C p (C p (X))}^ -4 [C P {X)]*>. 

For each / £ K fix sf £ T such that / £ q* (C p (X Sf )^. Consider the function 
7 : [K]-^ —> T associated to the assignment / -£ sp as in Lemma [2761 If A £ [K]-^ put 
V(A) = -0 7 (a) € [X\- u . It is easy to verify that V is w-monotone. 

Claim 1. For each A £ [K]- u we have A C qA A AC p (X^^)). 

Proof of Claim 1. Pick / £ A. By the election of 7 , we know that 7 (A) > 7 ({/}) > Sf. 
Now, condition (ii) from definition ro asserts that there exists a continuous surjec¬ 
tive function p 7 (A), S/ : —>• X Sf such that q Sf = p 1 (A),s f 0 Q-y(A)- Hence, / £ 

q* Sf (C p (X Sf ))Cq*’ A) (C p (X j{A) )). 

Consider the w-monotone assignments 

Wo : [X]** -)■ [V(C P (X))}^ and W : [P(C p (X))}^ -7 [7>(C p (C p (X)))p 

defined as in example 12.31 For each nonempty set N £ U{W(Wo(-D)) : D £ [X]-“} we 
fix (f>N £ N C Cp(C p (X)). Then, for each D £ [X]-^ define 

£(D) = {ct) N :Ne W(W 0 (£>)) and N / 0} £ [C p (C p (X))p. 

It is evident that £ is cu-monotone. Towards the definition of the assignment A, for 
every G £ [C p (C p (X))\ <u fix Aq £ [K]~ u so that A g{Ag) is dense in A g{K). For each 
E £ [Cp{Cp{X))f u we define A(E) = \J{A G : G £ [E]^} £ [K ]^. Note that A is 
w-monotone and Ap(A(E)) is dense in Ae{K) for all E £ [C' P (C P (X))]- W . 

For each A £ [K ]- u , we define AA(A) = £(T>(A)) £ [C' P (C' P (X))]- <J and A f{A) = 
A(£(T>(A))) £ [K]-. It is straightforward to verify that A4 and Af are w-monotone. 
Let Af(A) be the closure of A under Af (see Definition 12.411 . We know that Af is a uj- 
monotone map. As a consequence the set T' = Af([K]- u ) is up-directed and cr-complete. 
According to Lemma [231 we have A C A7(A) = A f (17(A)) for all A £ [K]- u and hence 
K = U{AT(A) : A £ [K]- u } = U/t e r' A/^A). In order to finish the proof, in virtue of 
Lemma 14.21 it is enough to show the following two claims. 

Claim 2. The set c1k-(A/"(A)) C < 7 *(a)(C?>(X 7 (a))) and c\k(A7 (A)) is compact for 
every A £ Th 

Proof of Claim 2. Observe from Claim 1 that Af(A) = A C K £1 </* ^ ( C p (X„,(a))) ■ Since 
g 7 (A) is an M-quotient map, the set q*r A \(C p (Xj^)) is closed in C P (X) (for a proof of this 
fact see [2, Theorem 0.4.10]). It follows that K r\q*^(C p (X 1 ^)) is countably compact. 
On the other hand, since the space X 7 (a) is separable, we can apply [2,, Theorem 1.1.4] 
to see that C p (X 1 ^) (and hence q*^(C p (X 7 (a)))) admits a condensation onto a second 
countable space. In particular, we have that Knq*f A ^(C p (X^j^)) admits a condensation 
onto a second countable space. Since any condensation from a countably compact space 
onto a Frechet-Urysohn space is a homeomorphism, the space K 0 q*^(C p ( X 7 (a))) is 
second countable and hence compact. Therefore, clj<-(A/’(A)) C Q*^(C P (X^ 4 ))) and 
c\k(A[(A)) is compact. 

Claim 3. For each A £ r 7 the function A m{A) maps cl/<-(A/"(A)) homeomorphically 
onto A M (a)(K). 
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Proof of Claim 3 . Since A £ ^- d ^' ) (A(£('D(A)))) is dense in A s(p(A)){K) and c\k (AT(A)) 
is compact, we have that A^^clxCA^A))) = A m{A){K). To finish the proof of 
Claim 2, we shall prove that A M ^ \ c\k{N (A)) is one-to-one. Pick two distinct maps 
f,g e c\ k (A f(A)) C q* {A) (C p (X^ A) )). Choose f',g' £ C P {X^ A) ) such that / = f'oq^ A) 
and g = g' o Q-,(a)- It is clear that f / g'. Since q 1 (A)(Djf A )) is dense in X^i^ we 
can find x £ -D 7 (A) such that f(x) = f o q 1 ^ A )(x) ^ g' o g 7 (^)(x) = g(x). Choose 
disjoint sets € £>(R) such that f(x) £ B\ and g(x) £ B 2. Consider the sets 

N\ = [x]B\], N2 = [, x\B2 ] and N = [Ni, IV2; B\, Bf\. Observe that f £ N\ and g £ N2. 
Then N\ , A2 £ Wo(D^^) and N £ W(Wo(T , 7 (a)))- The set N is nonempty since 
n x £ N. In this way, </>jv £ X and 4 >]\r £ £(-D 7 (a)) = £(V(A)) = A4(A). It follows that 
<M/) + f>N(g) and thus A M ( A )(f) + A M{A) (g). □ 

Now, we give a topological condition that implies Corson property on compact sub¬ 
spaces of C P (X), such result is analogous to Corollary 5.4 in |5] by replacing the f l- 
property by a full g-skeleton. 

Corollary 4.4. If X has a full q-skeleton, then any compact subspace of C p {X) is 
Corson. 

Proof. Let K be a compact subspace of C P (X). It follows from Theorem 14.31 that K has 
a full r-skeleton. Now, we apply Theorem 3.11 from [8j to obtain that K is a Corson 
compact space. □ 

Corollary 4.5. Let I\ be a compact space. If C P (K) is a continuous image of X and 
X has a full q-skeleton, then K is Corson compact. 

Proof. Let (j) : X —> C p (K ) be a continuous surjection and : K —> C p (C p (K)) be 
the natural embedding of K into C p (C p (K)). Since the map <f*C p (C p (K)) -A C P (X ) 
is an embedding, the map <f*otp is also an embedding. Hence, we can assume that 
I\ C C p (X). In virtue of Cororllarv 14.41 we conclude that I\ is Corson compact. □ 

Now we shall proof that many topological spaces have a full q-skeleton. Before we 
prove a technical lemma. 

Lemma 4.6. If A C C P (X), then A C A* a (C p (A a (X))) . If in addition A is a dense 
subset of A* a (C p (A a (X))), then the map A^^) is R- quotient. 

Proof. For the first assertion, pick f £ A and let pj be the projection of A a (X) on 
the /-th coordinate. Then, we obtain that f = Pf ° A^ £ A* a (C p (A a (X))). For the 
second part observe that for distinct points x,y £ X we have A c pj(x) = A cl ( y 4 )(y) iff 
A a (x) = A A (y). As a consequence the natural projection p A : A cl (^)(A) —> Ayi(A) is 
a condensation. It follows that p* A (C p (A A (X ))) is dense in C p (A c i( 7l )(A)). In addition, 
we also know that A^ = p A ° ^ci(A) • So we have that 

A^(C p (A a (X))) = A* c 1 {a) (p* a (C p (A a (X)))) C A* cKA) (C p (A c 1 {a) (X))). 

As a consequence the set A^(C p (A j 4 (A))) is dense in A* l(A)( C p( A d(A)GX')))- By our 
hypothesis, we conclude that A is dense in A* 1 ^^(C' p (A cl ( y 4)(A))). Therefore, we have 
that A* I( -^(C' p (A c i( j 4 )(A))) = cl(A). The map A^^ is M-quotient because of Theorem 
0.4.10 from [2]. □ 

Proposition 4.7. Every monotonically ui-stable space has a full q-skeleton. 

Proof. Suppose that the function A f : [C' p (X)]- aj -A [V(X)]- U witness that X is mono¬ 
tonically w-stable. 

For each F £ [C p (X)] <u we select a countable dense subset Ap of A* F (C p (Ap(X))) 
and then for every A £ [C p (X)]- u we let A(A) = (J{Ap : F € [A]-“}. 
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Claim. 4(4) is a dense subset of A^(C' p (A j 4 (X))) for all 4 £ [C P (X)]- UJ . 

Fix A £ [C P {X)]- U . To prove the claim first note that 

A(A) = \J{A f : F £ [A]^} C J{A^(C P (A F (A))) : F £ [4p} C A^(C p (A a (X))). 

Now set a canonical open set U = [x\,... ,x n -,B\,... ,B n \ in C p (X) and / £ U D 
^*a(^ p {Aa{X))) . Then there exists g £ C' p (A j 4 (A)) such that / = g o A^. Choose 
F € [4]- w so that Ap(xi) = Ap(xj) iff Aa(xi) = A^ (xj), for i,j = 1 Select 

h £ C p (Ap(X)) such that h(Ap(xi)) = g(AA(xi)) = f(xi) for i = 1 Then 

h o Ap £ U n A* F (C p (Ap(X))). Since the set Ap is dense in A* F (C p (Ap(X ))) we must 
have that t/f)4(4) A UflAp 4 0. Therefore, 4(4) is a dense subset of A^(C p (A,i(X))). 

Consider the closure 4(4) of A under A which is o;-monotone because of Lemma [2.51 
On the other hand, for each nonempty set N £ U{AA(4) : A £ [C P (X)]- U1 } fix a point 
xn £ N. For each A £ [C' p (A)]- a ' we dehne T>(A) = {xpr : N £ J\f(A) \ {0}}. It is 
clear that the map V is co-monotone. Consider the up-directed and er-compete partially 
ordered set T = A{[C P (X)\- U ). For each A £ T let Da '■= X>(4) and qA := A^^. Fix 
A £ T. Since JV(A) is a network for qA, the set qA(DA) is dense in qa(A). By the Claim 
we have that A = 4(4) is dense in A^(C p (A,i(X))). According to Lemma 14.61 qa is 
an M-quotient map. For each B £ T with A C B let us consider the natural projection 
Pb,A from qB{X) onto qA{X) which satisfies qA = Pb,A ° QB- Finally it is clear from the 
first part of Lemma [4.61 that C P {X ) = ]J{4 : A £ T} = (J {q* A {C p {qA{X))) : A £ T}. 
Therefore, X has a full g-skeleton. □ 

It was proved in [151 Proposition 4.4] and |151 Corollary 4.14] that Lindelof E-spaces 
and pseudocompact spaces are monotonically w-stable. Hence we have the following 
corollary. 

Corollary 4.8. IfX is either Lindelof E or pseudocompact, then X has a full q-skeleton. 

Now we give conditions under which a ^-skeleton must be full. 

Proposition 4.9. Assume that the families {g s : X —> A s |s £ T} and {D s : s £ T} 
form a q-skeleton on X such that: 

(1) X = U{F S : s £ r}, 

(2) q s I" D s is one-to-one, and 

(3) l(X n ) < oj for all n £ N. 

Then the q-skeleton is full. 

Proof. It is suffices to prove that C p (X) = IJ s gr ?*(C p (A iS )). Given F £ [A] <tJ fix s F € T 
such that F C D Sp . For each canonical non-empty open set W = [x \,..., x n ; B \,..., B n \ £ 
W(F) choose a map hp_w • X Sp -A- M such that hp t w(qs F (%i)) € Bi for i = 1 ,... ,n. 
Consider the map g F .w = /ip,w ° Qs F € Qt F (C p (X SF )) n W. Dehne 

Cp = {gp,w : W £ W(F), W + 0} C q* SF (Cp(X SF )) C C p {X). 

Next, for every A £ [A]- w let C(A) = (J{Cf : F € [4]-“} £ [C P (X)]- W . It is evident 
that C is cu-monotone. It follows directly from the construction C(X) = |J{C(4) : 4 £ 
[X]-^} is dense in C P {X). 

Pick / £ C P (X). Since C(X) is dense in C P (X) and t(X) = sup{Z(A n ) : n £ N} = oj, 
we can fold a countable set C C C(X) such that / £ cl(C). Since C is cu-monotone 
we can assume that C C C(4) for some 4 £ [X\— u . Let s be an upper bound of 
{sf : F £ [4]-^} and note that 

C(4) = UlC’F : F £ [4]- w } C : F £ [4]^} C q* s {C p {X s )). 

Since q s is an M-quotient map, / £ cl(C) C cl(C(4)) C cl (q*(C p (X s ))) = q*(C p (X s )). □ 
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We finish this section with two open questions. 

Question 4.10. Assume that X is Lindelof and has a full q-skeleton. It is true that 
each continuous image of X has a full q-skeleton? 

Question 4.11. Assume that X is Lindelof and has a full q-skeleton. Must X n be 
necessarily Lindelof, for each n £ N ? 

5. Strong t-skeletons 

A space X is monotonically w-stable iff C P (X ) is monotonically u;-monolithic [15] . 
We also know that a space X is monotonically retractable iff C P (X ) is monotonically 
Sokolov m- Besides, it was proved in \7] that a space X is monotonically retractable 
iff it is monotonically w-stable and has a full r-skeleton: 

X monotonically retractable = monotonically w-stable + full r-skeleton 

t # 

Cp(X) monotonically Sokolov = monotonically cj-monolithic + ? 

One of the purposes of this section is to find a system of retractions which completes this 
diagram. In this way, it is natural to conjecture that a space X is monotonically Sokolov 
iff it is monotonically w-monolithic and has a full r-skeleton. However this conjecture 
is false according to Example 15.111 (c). By this reason, it was asked in 0 Question 
4.6] if there exists a characterization of the monotone Sokolov property using monotone 
cj-monolithicity and a system of retractions. To solve this problem we will introduce the 
notion of strong r-skeleton and show that a space X is monotonically Sokolov iff it is 
monotonically o;-monolithic and has a strong r-skeleton. 

Definition 5.1. We say that a r-skeleton{r s : s € T} in a space A is a strong r-skeleton 
if satisfies the following condition: for each s £ T, n € N and a closed subset F of X n 
there exists 1 6 T such that s < t and r™(F) C F, where rj 1 : X n —> X n is the n-th 
power of the map rt- 

It is easy to see that any strong r-skeleton is a full r-skeleton (the Example 15.111 (c) 
assetrts that these two notions are distinct). Besides it is also easy to verify that strong 
r-skeletons are preserved by countable disjoint topological unions and inherited by closed 
subspaces. Next, we shall prove that a space X has a strong r-skeleton iff C P (X) has 
one. To have this done we first prove two auxiliary lemmas. 

Lemma 5.2. Let {r s : s € T} be a strong r-skeleton in a space X. If s € T and F is 
a countable subset of UneN exp(X n ), then there exists t € T with s <t satisfying that 
rf'(F) C F whenever F € T and F C X n . 

Proof. Suppose that s £ T and F C UneN exp(X n ) is countable. Let {F m : m £ N} be a 
numeration of F where each element appears infinitely many times. Choose inductively 
an increasing sequence {s m : m £ N} C T as follows. Let so = s. Assume that 
Sk £ T has been defined for each 0 < k < m. Since F m is a closed subset of X n for 
some n £ N, we can find s m £ T with sk < s m for each k < m and r 7 f m (F m ) C F m . 
We claim that t = sup{s m } mG N is the required element. Indeed, given F £ F let 
Np = {m € N : F m = F}. Since Np is cofinal in N, t = sup{s m : m € Np}. Note 
that if m £ Np and F is a subset of X n , then rf ( F ) C F. Thus, we obtain that 
r?(F) C F. m □ 

Lemma 5.3. Assume that X has a full r-skeleton {r s : s £ T}. For each s E T, we 
define 

r s =r* s o7r rs{x y.C p (X)^C p (X). 

Then we have that {r s : s € T} is a r-skeleton in C P (X). 
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Proof. It is easy to verify that each r s is a continuous retraction. We will verify that 
{r s : s G r} satisfies conditions (i)-(iv) from Definition ll.il 

(i) Pick s G r. Since the space r s {X) is cosmic, it is well known that the space 
C p (r s (X)) is also cosmic. Hence, n ra (x)(C p (X)) must be cosmic. Since the map r* is an 
embedding, the space r s (X) = r*(x)(C P (X))) is also cosmic. 

(ii) If s,t G T and s <t, then for each / G C p (X) we have f s (f) = for s = f or t or s = 
ft(f) °r s = r s o r t (f) and f s (f) = f o r s = f o r s o r t = r s (f) o r t = r t o f s (f). Thus, we 
obtain that r s = r$ o r t = ft o r s . 

(in) Given {s n : n G N} C T with s n < s n+ i for each n G N, we set t = sup{.s n : 
n G N}. For each / G C P (X) and x G X we know that ft(f)(x ) = f(rt(x)) = 
f (hm n _ > . 00 r Sn (x)) = lim^oo f(r Sn (x)) = lim^ 0 0 r Sn (f)(x). It follows that f t (f) = 
Hindoo f Sn (f). 

(iv) Assume that / G C p (X) and / G U = [xi,..., x n ; Hi,..., B n \ for some canonical 
open subset of C P (X). Choose sGT such that r s (xi) = Xi for i = 1,..., n. Assume that 
t G T and s < t. Then f t (f)(xi) = f o r t (xi) = f(xi) G Hj, for i = 1,..., n. It follows 
that ft(f) G U. Therefore, / = lim se r r s (/). □ 

Theorem 5.4. A space X has a strong r-skeleton iff C P (X) has a strong r-skeleton. 

Proof. We first prove the necessity. Assume that {r s : s G T} is a strong r-skeleton on 
X. We know that {r s : s G T} is a full r-skeleton in X. If {f s : s G T} is as in Lemma 
15.31 then {r s : s G T} is an r-skeleton in C P (X). In order to prove that {f s : s G T} is a 
strong r-skeleton, it is enough to show the following claim. 

Claim. If s G T, n G N and G is a closed subset of C p (X) n , then there exists i G T 
such that s < t and rf(G) C G. 

Let nX be the disjoint topological union of n copies of X. For each s G T let nr s 
denote the natural continuous retraction induced by r s on nX. It is standard to verify 
that {nr, : s G T} is a strong r-skeleton in nX. We identify C p (X) n with C p (nX). For 
each m G N and Hi,..., B m G £>(M) we define 

F(G,Bi ,..., B rn ) = {(xi,..., x rn ) G (nX) m : [x 1: ... ,x m ;Bi ,..., B rn ] n G = 0}. 

It is easy to verify that F(G, Hi,..., B m ) has an open complement in (nX) m , and hence, 
it is a closed subset of (nX) m . By Lemma 15.21 we can find f G T such that s < t and 
(' nrt) m (F(G , Hi,..., B m )) C F(G, Hi,..., B m ) for each m G N and Hi,..., B m G B( R). 
We assert that t is as promised. Assume on the contrary that there exists /gG such that 
ff(f) fL G. We identify f” with the map fvr t = (nr*)* o Tr nn ( n x) ■ C p (nX ) C p (nX). 
Since nr t (f) fL G , then we can choose xi ,..., x m G nX and Hi,... ,H m G H(M) such 
that nf t (f) G [xi,..., x m ; Hi,..., B m \ and [xi,..., x m ; Hi,..., B m \ D G = 0. Then we 
obtain that / o nr t G [xi,..., x m ; Hi,..., B m ] and (xi,... , x m ) G F(G, Hi,..., H m ). It 
follows that / G [m’t(xi),..., nr t (x m ); Hi,... , B m \. By the properties of nrt we have 
that (nr t (xi),... ,nr t (x m )) G F(G, Hi,...,H m ); that is, 

[nr t (x i),... ,nr t (x m );Hi,... ,H m ] n G = 0, 
but this is a contradiction since / gG. 

For the other implication of the theorem, assume that C p (X) has a strong r-skeleton. 
By the firs part C p (C p (X)) has a strong r-skeleton. Since strong ?’-skeletons are inherited 
by closed subspaces and X is a closed subspace of C P (X), we conclude that X has a 
strong r-skeleton. □ 

No we will prove the main results of this section. To do that we need some technical 
assertions. 
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The next Lemma is established by using some basic ideas in the proof of Corolary 4.8 
from [16]. We give a sketch of the proof. 

Lemma 5.5. If the assignments A —>• r a and A —> J\f (A) witnesses that the space X is 
monotonically retractable, then for every A £ [X]- w and every F £ exp(X) there exists 
B £ [X]- w such that A C B and r B (F) C F. 

Proof. Let A £ [X]- £J and F £ exp(X). By induction we construct a sequence of count¬ 
able sets {B n : n £ N} as follows: B$ = A and suppose that B n has been constructed 
for some n £ N. Fix a countable set A n C X such that A n n F (~l N 0 whenever 
F (1 N 7 ^ 0, for each N £ M(B n ). Define B n+ i = A n U B n . Finally it can be verified 
that B = (J {B n : n £ N} is as promised. □ 

Theorem 5.6. If X is monotonically retractable space, then X a strong r-skeleton. 

Proof. Assume that the assignments A —>• r a and A —>• J\I(A) witnesses that X is 
monotonically retractable. As in the proof of [7, Theorem 4.3], for each A £ [X]-“ we 
can find E(A) £ [X]- w so that A C E(A), the assignment A — > E(A) is w-monotone, 
and {r s : s £ T} is a full r-skeleton in X, where T = {E(A) : A £ [A]- w }. To see that 
{r s : s £ r} is a strong r-skeleton, we only need to show the following claim. 

Claim. If s £ T, n £ N and F is a closed subset of X n , then there exists t £ T such 
that s < t and rf(F) C F. 

Proof of the Claim. We know that X n is monotonically retractable m , which can 
be justified as follows: For every countable set B C X n we consider 

(1) S(B) = ]J" = i Pi(B), where pi is the zth-projection, 

( 2 ) r B = r% {s{B)) and 

(3) N{B) = {nr =1 Ni : Ni,..., N n £ A f(E(S{B)))}. 

Indeed, the assignments B —>• r B and B —> A l(B) witnesses that X n is monotonically 
retractable. Choose A £ [X]- CJ for which s = E(A). In virtue of Lemma 15.51 there 
exists a countable set B C X n such that A n C B and r B (F) C F. It follows that if 
t = E(S(B)), then s < t and rf(F) C F. □ 

Corollary 5.7. A space X is monotonically retractable iff is monotonically uj-stable and 
has a strong r-skeleton. 

In a dual way, we have the following Corollary. 

Corollary 5.8. A space X is monotonically Sokolov iff is monotonically oj-monolithic 
and has a strong r-skeleton. 

We know that if X is monotonically Sokolov, then C p (X) is monotonically retractable 
and hence any compact subspace of C p (X) is Corson. In a similar way, it is also known 
that if X is monotonically retractable, then C p (X) is monotonically Sokolov and hence 
any compact subspace of C p (X) is Corson. So it is natural to ask if any compact subspace 
of C P (X) is Corson when X has a strong r-skeleton. The following theorem provides a 
positive answer to this question because of Corollary 14.41 

Theorem 5.9. If X has a strong r-skeleton, then X has a full q-skeleton. 

Proof. Let {r s : s £ T} be a strong r-skeleton in X. In order get a full (/-skeleton in X 
we will construct a map 7 : [exp(X)]- w —> T and a map C : [exp(X)]- u —>• [exp{X)]- u . 

For each T £ [exp{X)] <ul we will assign an element ^(F) £ T, by induction on the 
cardinality of T, as follows: y(0) = so f° r some arbitrary so £ T. Given a non-empty 
family T £ [ exp(X)] <UJ choose 7 (A) £ T such that ^{F') < 7 (F) for each F' C F 
with F' f F\ and r 7 (jF)(F) C F for each F £ F. Now, for each F £ [exp{X)]- w let 
7 (F) = sup{ 7 (J r/ ) : F' £ [F] <w }. Note, in the general case, that 7 {F) is well defined 
and 
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(a) r 7 (j-)(F) C F for each F G F; 

(b) if F C F', then 7 (F) < 7 (J 77 ); and 

(c) if {F n : n G N} C [exp(X)]- u , F n C F n +\ for each n G N and F = U n eN then 
7 UU = sup neN 7(J r n )- 

To construct C, if F G [exp(X)] <UJ , since the space r 7 (_ 77 (A) is cosmic we can fix a 
countable family of singletons Cjr C exp(X) such that (J Cj? is dense in r 7 ^(X). For 
every F G [exp(X)]- u let C(F) = U{Cj- : F £ [-F] <£J }- Consider the closure tpA) of F 
under C. Observe that C and C are w-monotone. 

We are ready to construct a full q skeleton on X. The set T' = ( 7 (C(J 7 )) : F £ [A]- 1 * 7 } 
is an up-directed partially ordered subset of T. For every s = 7 (C(F)) £ T 7 we define 
q s = r s and D s = |J C(C(F)). The map q s being a continuous retraction is an M-quotient 
map. We shall verify that {g s : s G T 7 } and {D s : s € T 7 } form a full (/-skeleton on X. 

( i ) We claim that q s (D s ) is dense in q s {X) whenever s = y( C(F )) G T 7 . Assume that 
C(F) = (J {F n : n G N} where F n is hnite and F n C F n + 1 for each n G N. Then q s = 
r FC(F) = lim ™->°o r iFn)- As a consequence q s (X) = r^^X) C cl(U{r 7 (j- n) (X) : 
n G N}). By construction, we have that (JC 77 is dense in r 7 ^ n j(X) for each n G N. 
It follows that UneN (UUa) ^ dense in cl(U{c 7 (j- n )(^) : n G N}). Since U '■ n € 
N} C C(C(F)), the set D s is dense in cl(U{^ 7 (j' n )(Ai) : n G N}). Hence, D s is dense 
in q s (X ) as well. We only need to show that q s (x) = x for each x G D s . In fact, if 
x G D s , then {x} G C{C{F)) C C(F). By (a) we obtain that r 7 (c(j-))({ x }) — that 
is, q s (x) = x. 

Conditions (ii) and ( in ) in Definition HU are easy to verify. To finish the proof we 
must show that the (/-skeleton is full. In other words, C P (X) = User' 9 s(C],(T s )) where 
X s = q a (X) for s G T 7 . Let / G C p (X) and consider the family F = {/^ 1 (cl(H)) : 
B G H(M)}. If s = 7 (C(F)) G T 7 , then the continuous map q s : X —> X satisfies 
Qs(F) C F for any F G F. According to Lemma 4.15 of |l 6 j . / = (/ fx s ) 0 qs, that is, 
/ G q*(C p (X s )). □ 

Corollary 5.10. A compact space X is Corson iff C P (X) has a full q-skeleton. 

Proof. Assume that A is a Corson compact. By [7, Corollary 4.10] and Corollary 15.81 the 
space Cp(X) has a strong r-skeleton. So we can apply Theorem 15.91 to see that C P {X) 
has a full (/-skeleton. The other implication follows from Corollary 14.41 and the fact that 
X can be embedded in C p {C p {X)). □ 

The following diagram represents the relationships among the topological properties 
that so far have been studied. 


monotonically retractable monotonically Sokolov 



monotonically unstable strong r-skeleton 



q-skeleton r-skeleton 


Now we list examples to show that, in general, no one of these implications can be 
reversed. 







FAMILIES OF CONTINUOUS RETRACTIONS AND FUNCTION SPACES 


15 


Example 5.11. (a) The compact space [0, l] Wl is not Corson, so it is an example of a 
monotonically w-stable space which is not monotonically retractable (see m Corol¬ 
lary 4.14] and [9] Corollary 1.2]). According to Proposition 14.71 and [5], Theorem 
3.11], this space also provides an example of a space with a full (/-skeleton which 
does not have a strong ?’-skeleton. 

(b) The linearly ordered space of all countable ordinals uq is monotonically retractable 
hence has a strong r-skeleton (see SI Theorem 3.8] and Theorem 15.61) . However 
uq is not monotonically Sokolov because it is not Lindelof (see [IB) Corollary 4.20]). 
In addition, Theorem 15.41 and m Corollary 4.19] imply that C p (u i) has a strong 
r-skeleton but it is not monotonically retractable. 

(c) Fix ac > co and let D K be the set ac endowed with the discrete topology. Then D K 
has a full r-skeleton but does not have a strong r-skeleton. To see that D K has a full 
r-skeleton, consider the up-directed and cx-complete partially ordered set T = [re]- w . 
For each A € T we define m(A) = min A and consider the continuous retraction 
rq ■ D k —> D k given by rq(a) = a if a G A and rq(a) = m(A) otherwise. It is easy 
to verify that {rq : A E T} is a full r-skeleton in D K . On the other hand, note that 
[0,1] K C1 K = C p (D K ). Since [0,1] K is not a Corson compact, by Corollary 14.41 the 
space D k does not have a full (/-skeleton and, as a consequence, it does not admit a 
strong r-skeleton (see Theorem EE- 

(d) By [161 Proposition 4.29] the space L K is monotonically Sokolov. Applying Corollary 
15.81 and Theorem 15.91 we obtain that it has a full (/-skeleton. On the other hand, 
according to Corollary 15.71 the space L K can not be monotonically cu-stable since it 
does not have countable tightness (see |14l Corollary 3.20]). 

(e) A Valdivia compact space which is not Corson is an example of a space with an 
r-skeleton which does not have a full refractional skeleton (see m Theorem 6.1] 
and [8| Theorem 3.11]). 

(f) Let K be a compact space which is not Corson. It is easy to construct, by using 
only one projection, a trivial g-skeleton in C p (K). However, by Corollary 15.101 the 
space C P (K) does not have a full (/-skeleton. 

As we have mentioned above, a compact space is Corson iff it has a full r-skeleton iff 
it is monotonically retractable, and a compact space is Valdvia iff it has a commutative 
r-skelton. 

Problem 5.12. Find a characterization of Valdivia compact spaces similar to monotone 
retractahility. 


6. (/-SKELETONS IN L K X I< FOR A COMPACT K 

In the following, we use g-skeletons to prove that a compact space X is Corson when¬ 
ever C p (X ) is the continuous image of a closed subspace of L'f x K, where K is a compact 
space. In virtue of Corollary 14.51 it suffices to show that each closed subspace of x K 
have a full (/-skeleton. First we prove a technical lemma and introduce some notation. 

Lemma 6.1. Assume that (j) : K —A K' is a continuous surjective map, r : Y —A Y is 
a continuous retraction, D C X C Y x K and q = r x cf> \x- If K is compact, X is 
closed in Y x K, pv(D) V r(Y) and q(D ) is dense in q(X), then q : X —> q(X) is an 
K -quotient map. 

Proof. We shall prove that q is the composition of two R-quotient maps. Let Y' = r{Y). 
Since K is compact the map idy x <f> : Y x K —> Y x K' is closed (see [5, 3.6.3]). Let 
q' = (idy x i i>) \ X and X' = q'{X). Since X is closed in Y x K, the set X' is closed in 
Y x K'. Besides, the map q' : X —» X' is closed and hence an R-quotient map. On the 
other hand, the map r x id k' '■ Y x K' —A Y' x K' is a continuous retraction. So, the 
second function will be q" = (r x id^/) [ X'. Put X" = q"(X'). Note that q = q" o q'. 
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Since q(D) is dense in q(X), we must have that q"{q'{D)) is dense in X". Observe 
that py{D) C r(Y) implies that q"{q'(D)) = q'(D). Hence, q'(D) is dense in X". As 
a consequence q"(X') = X" C c l(q'(D)) C cl(</(X)) = cl(X') = X'. It follows that q" 
is a continuous retraction and hence an R-quotient map. Therefore, q = q" o q’ is also 
R-quotient. □ 

Later on we will use the following notation. For a fixed cardinal k the space Lf. will 
be simply denoted by L. Also we may assume that L K has k+ 1 as a underlying set and 
k is the unique nonisolated point of L n . For each G £ [w] <aj , « G k g and N G [n]- u 
consider the clopen sets Ug,n = {y G L : y(G) C X K \ X} and Vq, u = {y G L : y ( G = u} 
of L. Put 

U L = {U G ,N : G G [w] <ul ,N G [k]^ u } and V L = {F G , U : G G [w] <u \ u G k G }. 

Given G G [cu] <w and V G Vl let Hg,v := V 0 {y G L : y(G) C {«}}. Observe that the 
family of clopen sets {Uq,n 0 V : N G [«]-“} is closed under countable intersections. 
Since Hoy = O V : N G [k]-^} and L is Lindelof, it is easy to verify that the 

family {Ug.n O V : N G [k]- w } is a basis for the closed set Hey. 

Theorem 6.2. If K is compact and X is a closed subspace of L x K, then X has a full 
q-skeleton. 

Proof. For each A C [X]- w choose 5(A) = KC\\J{p n (pL(A)) : n G w} G [L K ]- W and define 
?’A : L —> L by the rule M(y)(n) = y(n) if y(n) G 5(A) and rA(y)(n) = n otherwise. 
Note that r a is a continuous retraction and ta \p L (A) is one-to-one. Besides it is easy to 
verify that 5 is w-monotone. Let V(A) = {Vg,u '■ G G [w] <w and u G 5(A) G }. Observe 
that V is also w-monotone. 

For each x, x' G X with pk(x) Pk(x') fix a map f x y G C(K) such that f x ,x'{PK{x )) / 
fx,x'(pi<(x')). For every A G [X]^ set C(A) = {f x y : x,x' G A,p K (x) ± Pk(x')} G 
[C(K)]- U . It is clear that C is w-monotone. Let if a ■ R c 'i A l —> R c 'i A l the map defined 
by ^a(x)(/) = x(f) if / € C(A) and </>A(x)(f) = 0 otherwise, for each x £ R 0 ^- Let 
4>a = if a ° A C(K) : K —» R ( '! a 1. Note that if a \ Pk (A) is one-to-one. Observe that if 
F C A G [X]^ and IF = [/i,..., /„; 5?i,..., B n ] G W(C(F)), then ^(IF) = 

For A G [Xj-^ we shall consider the map qA = ta x <f a \x■ Next, we proceed to 
define the partially ordered set T and the family {D s : s G T} of subsets of X. 

Pick F G [X] <w . For each G G [w] <w , V G V(F) and IF G W(C(F)) we define 
Xf,g,v,w G [re]- and xf,g,v,w G X as follows: If there exists a set X G [/s]- w such 
that X 0 ( Uq,n n V x cfffiW)) = 0, then put Nf,g,v,w € [re]- w = X, and NpyyG = 0 
otherwise. If X 0 (Hey x cl {(ffffW))) / 0, then fix an arbitrary point xf,g,v,w in this 
intersection, and choose xf,g,v,w arbitrarily in the other case. Consider the sets 

Nf = \J{N F ,cyw ■ G G [w] <u ,fG V(F) and IF G W(C(F))} G [re]^ w 

and 

Af = {x F ,Gyw ■ G G [w]<“,7 G V(F) and IF G W(C(F))} G [X]^. 

Finally choose Ep G [X]- w so that Np 0 5(X) C S(Ep) and Ap C Ep■ For each 
A G [X]- w let 5(A) = (J {Ep : F G [A] <w } and let V(A) be the closure of A under 5. It 
is evident 5 and T> are cu-monotone. 

Claim. Let A G [X]-X If 5(A) C A, then qA(A) is dense in qA{X). 

Proof of the Claim. Fix A G [X]- w such that 5(A) C A. Let O be a non-empty open 
set in qA(X). Note that we can choose U G 14l, V G V(A), IF G W(C(A)) and ( y,z ) G X 
such that qA(y, z) = (r^(y), 4>a(z)) G (Ffl F) x IF and ((X n F) x cl(IF)) fl qA{X) C O. 
We can suppose that X = Uq,n 0 for some G G [w] <w and Xo G [k]- w with 5(A) C Nq. 
Note that r^(y) G Hey. Write A = U{F n : n G N} where each F n is a finite set and 
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F n C F n+ \ for each n G N. Since V, W and C are w-monotone, we can find m G N 
such that V G V(F m ) and W G W(C(F m )). Put F = F m . As it was pointed out above 

We assert that XC(HGyXc\((f) F l (W))) / 0. Assume on the contrary that An(f^G',u x 
cl(^ 1 (W))) = 0. Then Hay H Pl(X fl (L x cl(<^ 1 (W)))) = 0. As K is compact, the 
set pl{ X fl (Lx cl(0^ 1 (lT)))) is closed. Since the family {Ug,n H V : N G [«]- w } 
is a basis for the closed set Hey, we can find N G [^]- w such that ( Uq,n fl V) fl 
p L (X n (Lx cl(^ 1 (W')))) = 0. It follows that X D (U g ,n n V x 4>p X (W)) = 0. By 
construction Np has been chosen in such a form that X fl ( Uq,n f H V x <ff l (W)) = 0 
and Np fl 5(A) C S(Ep) C 5(£(A)) C S(A) C Nq. Using this fact and the fact 
that r A (y) G H G y, we may conclude that y G Uq,n f DU. As a consequence, we 
obtain that (y,z) G A' D (( Ug,n f H V) x <f>p 1 (W)'), which is a contradiction. Hence, 
we can consider the point xq = (yo, zq) = xf : g,v,w G I fl ( H G ,v x cl((/>^ 1 (iy))). In 
one hand, we have that xo G Ep C £{A) C A and on the other hand we have that 
yo G Hay an d zq G cl(^ 1 (iy)) = cl(^ 1 (IU)). These two conditions imply that 
Qa{x o) = ('i'T(yo)j 4>a(zq)) G (U n V x cl(VU)) n qA(X) c o. This proves the Claim. 

Since Z? is w-monotone, the set T = T>([X]- U ) is up-directed and w-complete. Finally, 
we dehne Da = A for each A G T. If A G T, then it follows from Claim 1 and Lemma 
16.11 that qA is an R-quotient map. We shall prove that the families {qA : A G T} and 
{Da : A G T} form a full g-skeleton. In fact, (i) is a consequence of the Claim because 
of £(A) = A , for each AgT. To check (ii) assume that G T and A C B. Define 
PB,A ■= rA x i/ja \q B (x) and note that 

Pb,a o q B = ( r A X i/ja) ° (tb x <j) B ) = (r A ° r B ) x (i/j a ° 4>b) =r A x^ A = QA- 

The condition (in) is immediate. Thus, we conclude that the families {qA ■ A G T} and 
{Da ■ A G r} form a g-skeleton. This ^-skeleton is full because the conditions of Lemma 
14.91 are clearly satisfied. □ 

The following result was proved by I. Bandlow in [3J by using elementary submodels. 
Here, we obtain his result in a topological context. 

Corollary 6.3. Let K and Z be compact spaces; suppose that C P (Z) is a continuous 
image of a closed subspace X of L x K. Then Z is Corson compact. 

Proof. Because of Theorem 16.21 the space X has a full g-skeleton. Finally, it follows from 
Corollary 14.51 that Z is Corson. □ 
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